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ABSTUCT 
A t h e o r e t i c a l  s o l u t i o n  of t h e  equat ions  of motion is  developed f o r  
damped r i g i d  r o t o r s  wi th  harmonic f o r c e s  a t  t h e  suppor ts .  Support de- 
f l e c t i o n  ampl i f i ca t ion  and t h e  phase angles  between t h e  displacements  
and the harmonic f o r c e s  are computed. The harmonic f o r c e s  r e p r e s e n t  t h e  
e f f e c t s  a t  t h e  suppor ts  of unbalance f o r c e s  whose planes of unbalance 
are assumed t o  have an equal  d i s t r i b u t i o n  f o r  t h e  p r o b a b i l i t y  of t h e i r  
a x i a l  l oca t ions .  Also,  suppor t  s t i f f n e s s  and damping c h a r a c t e r i s t i c s  
are assumed t o  be  symmetrical. Under t h e s e  cond i t ions ,  which are repre-  
s e n t a t i v e  of c y l i n d r i c a l  r o l l e r  bear ings  i n  r i g i d  p e d e s t a l s ,  a low-speed 
resonance appears  when t h e  cen te r  of g r a v i t y  does no t  l i e  on t h e  mid- 
plane.  Other c a l c u l a t i o n s  show t h a t  even wi th  a midplane center-of-  
g r a v i t y  l o c a t i o n ,  a low-speed r e s w a n c e  occurs  f o r  s l e n d e r  r o t o r s  b u t  
no t  f o r  d i sks .  Def l ec t ion  ampl i f i ca t ion  a t  low-speed resonances is  
gene ra l ly  smaller than  a t  t h e  major c r i t i c a l  speed. 
DEFLECTION ANALYSIS OF DAMPED ROTORS WITH HARMONIC SUPPORT FORCES 
by Richard,H. Cavicchi 
L e w i s  Research Center  
A t h e o r e t i c a l  s t eady- s t a t e  a n a l y s i s  w a s  performed t o  s tudy  damped 
v i b r a t i o n s  of flexibly-mounted r i g i d  r o t o r s  sub jec t ed  t o  harmonic f o r c e s  
a t  t h e  suppor ts .  The rotor-support  system is mounted on a f i r m  founda- 
t i o n ,  Viscous damping i s  assumed i n  which t h e  v iscous  f o r c e  i s  propor- 
t i o n a l  t o  t h e  r a t e  of suppor t  displacement.  Also,  t h e  suppor t  s t i f f n e s s  
and damping c h a r a c t e r i s t i c s  are assumed t o  b e  symmetrical; symmetrical 
s t i f f n e s s  is a v a l i d  approximation f o r  t h e  c h a r a c t e r i s t i c s  of c y l i n d r i c a l  
r o l l e r  bea r ings  mounted on r i g i d  pedes t a l s .  The harmonic f o r c e s  are rep- 
r e s e n t a t i v e  o f  t h e  e f f e c t s  a t  t h e  suppor ts  of unbalance f o r c e s .  Thus, 
t h e r e  i s  an  equal  d i s t r i b u t i o n  of t h e  p r o b a b i l i t y  of t h e  axial  l o c a t i o n  
of the p lanes  of unbalance.  A propor t iona l  r e l a t i o n  is assumed between 
amplitudes a t  t h e  two suppor ts .  The r e s u l t s  of t h i s  a n a l y s i s  
are c a l c u l a t e d  va lues  f o r  t h e  suppor t  d e f l e c t i o n  ampl i f i ca t ions  and t h e  
phase angles  between t h e  displacement and t h e  harmonic d r i v i n g  fo rces .  
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Seven i l l u s t r a t i v e  cases are s e l e c t e d  t o  d i sp l ay  t h e  r e s u l t s  of 
The 
parameters v a r i e d  i n  t h e s e  cases are damping, r o t o r  shape (which is  
v a r i e d  €rom a t h i n  shape t o  a d i s k )  , center-of-gravi ty  l o c a t i o n ,  and 
f o r c e  r a t i o  a t  t h e  suppor ts .  
he  a n a l y s i s  g raph ica l ly  over a wide range of r o t a t i o n a l  speed. 
The g r a p h i c a l  r e s u l t s  reveal t h a t  i n  a d d i t i o n  t o  resonance a t  t h e  
major cr i t ical  speed ,  a lower-frequency resonance occurs  when t h e  c e n t e r  
of g r a v i t y  is no t  l oca t ed  a t  t h e  midplane. Other c a l c u l a t i o n s  show t h a t  
even w i t h  t h e  c e n t e r . o f  g r a v i t y  a t  t h e  midplane,  a lower-frequency reso-  
nance occurs  i f  t h e  polar- to-diametral  moment-of-inertia r a t i o  is less 
than  0.7. Thus, d i s k s  should n o t  experience t h e  low-frequency resonance. 
Def l ec t ion  ampl i f i ca t ion  is  gene ra l ly  g r e a t e r  a t  t h e  major c r i t i ca l  speed 
resonance than  a t  t h e  lower-frequency resonance;  however, t h e  low- 
frequency a m p l i f i c a t i o n  may be.  g r e a t e r  f o r  h igh ly  damped r o t o r s .  
Resu l t s  from vary ing  t h e  center-of-gravi ty  l o c a t i o n  sugges t  t h a t  
t h e r e  are Cer t a in  l o c a t i o n s  t h a t  should b e  avoided i n  des ign  because of 
p o t e n t i a l l y  l a r g e  d e f l e c t i o n  ampl i f i ca t ion ,  
I I  INTRODUCTION 
The problem o f / v i b r a t i o n  e f f e c t s  i n  r o t a t i n g  machinery has  been in-  
v e s t i g a t e d  f o r  more than  a century .  Understanding of t h i s  problem h a s .  
advanced cons iderably  i n  r e c e n t  y e a r s  as the need f o r  high-speed r o t o r s  
has i n t e n s i f i e d  t h e  e f f o r t  i n  r o t o r  dynamics. Numerous i n v e s t i g a t o r s  
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have used va r ious  models, approaches,  and conditions'  i n  t h i s  work. Among 
va r ious  a spec t s  of t h i s  problem t h a t  have been s t u d i e d  are c r i t i c a l  
speeds,  d e f l e c t i o n s ,  dynamic s t a b i l i t y ,  t r a n s i e n t  e f f e c t s ,  and t h e  e f -  
f ects of a c c e l e r a t i o n .  
The a b i l i t y  t o  p r e d i c t  and c o n t r o l  r o t o r  dynamics, as r e f l e c t e d  
by t h e s e  a spec t s ,  is v i t a l l y  important i n  t h e  des ign  of modern high-speed 
r o t a t i n g  machinery. Such machinery is f r equen t ly  designed t o  o p e r a t e  a t  
speeds above the rigid-body c r i t i c a l  speeds.  Thus, i n  s t a r t u p  and shut-  
down, r o t o r s  must pas s  s a f e l y  through t h e s e  c r i t i c a l - s p e e d  regimes.  
Usual ly ,  a c c e l e r a t i o n  o r  d e c e l e r a t i o n  is  performed as r a p i d l y  as p o s s i b l e  
i n  o r d e r  t o  avoid a damaging bui ldup  of resonant  amplitude. 
a n a l y t i c a l  and des ign  techniques are developed t o  p r e d i c t  and c o n t r o l  
c r i t i ca l  speeds and resonant  ampli tudes,  t h e  des igner  w i l l  have g r e a t e r  
freedom t o  des ign  f o r  ope ra t ion  n e a r ' o r  even a t  cr i t ical  speeds.  
As improved 
Reference 1 presen t s  an a n a l y s i s  t h a t  i d e n t i f i e s  c r i t i c a l  speeds 
f o r  v i b r a t i o n s  of undamped r o t o r s  on f i r m  foundat ions ,  The c r i t ixa l  
speeds inc lude  major c r i t i ca l  speed (precess ion  frequency equa l  t o  r o t o r  
frequency) and nonsynchronous c r i t i ca l  speeds (o the r  speeds a t  which de- 
f l e c t i o n  ampl i f i ca t ion  may occur) .  Yamamoto's a n a l y t i c a l  and experi-  
mental  work, r epor t ed  i n  re ference2 ,shows t h a t  bear ing  d e f e c t s  cause 
nonsynchronous c r i t i ca l  speeds.  I n  r e fe rence  3 ,  Gunter i n q u i r e s  i n t o  
t h e  dynamic s t a b i l i t y  of rotor-bear ing systems. 
The a n a l y s i s  i n  r e fe rence  4 l o c a t e s  c r i t i ca l  speeds f o r  f r e e  v ibra-  
t i o n s  of undamped r o t o r s  on f l e x i b l e  foundat ions.  
of v a r i a t i o n s  i n  r o t o r  speed,  r o t o r  and foundat ion  shapes ,  and rotor- to-  
foundat ion spr ing-constant  r a t i o .  A comparison o f . t h e  firm- and 
f lex ib le - foundat ion  r e s u l t s  of r e fe rences  1 and 4 appears i n  r e f e r e n c e  5. 
It s t u d i e s  t h e  e f f e c t s  
I n  r e fe rence  6 ,  Gunter and DeChoudhury provide ALGOL computer pro- 
grams t o  s tudy  s t e a d y - s t a t e ' e f f e c t s  of r o t o r  unbalance,  dynamic sta- 
b i l i t y ,  and transient response.  The l i n e a r i z e d  equat ions  used i n  t h i s  
r e fe rence  con ta in  cross-coupling s t i f f n e s s  and damping c o e f f i c i e n t s .  
The p resen t  r e p o r t  extends t h e  a n a l y t i c a l  work on r o t o r s  of r e f e r -  
ence 1 t o  inc lude  v iscous  damping and harmonic d i s t u r b i n g  f o r c e s .  It 
determines c r i t l c a l  speeds ,  suppor t  d e f l e c t i o n s ,  and phase.  angles  i n  re- 
sponse t o  harmonic equal  and unequal fo rces  a t  the suppor ts .  The har -  
monic f o r c e s  a t  t h e  suppor ts  r ep resen t  t h e  e f f e c t s  a t  t h e  suppor ts  of 
unbalance f o r c e s  ' tha t  have an equal  p r o b a b i l i t y  f o r  axial l o c a t i o n  o r  
magnitude. 
t o  t h e  magnetic f o r c e s  i n  a t u r b o a l t e r n a t o r .  E f f e c t s  of t h i s  type  of 
f o r c e  on a r o t o r  are s tud ied  i n  r e fe rence  7.  Experimental va lues  of 
cross-coupling c o e f f i c i e n t s  are usua l ly  d i f f i c u l t  t o  determine. The 
p resen t  r e p o r t  t h e r e f o r e  uses  a s i m p l i f i e d  ve r s ion  of t h e  equat ions  of 
motion t h a t  omits crossdcohpl ing terms, 
i n  t h i s  r e p o r t  t o  show t r ends  r e s u l t i h g  from vary ing  damping, f o r c e  r a t i o  
a t  suppor t s ,  center-of-gravityilocation, and moment-of-inertia r a t i o s .  
Seven combinations of parameters are.xised t o * i l l u s t r a t e  t h e  t r ends .  
Another a p p l i c a t i o n  of t h e  harmonic f o r c e s  i n  t h i s  r e p o r t  is 
The s i m p l i f i e d  a n a l y s i s  is  used 
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DESCRIPTION OF ROTOR-SUPPORT MODEL 
F igu re  1 is a ske tch  r ep resen t ing  t h e  suppor t  system of a r o t o r  
This  s tudy  cons iders  la teral  motion ( i n  t h e  y- and z- with  damping. 
d i r e c t i o n s )  b u t  no axial motion (x-d i rec t ion) .  The symbols are def ined  
i n  appendix A. 
The suppor t  s p r i n g  cons tan t  k /2  is  assumed t o  have t h e  same va lue  
f o r  bo th  suppor ts  i n  both t h e  y- and z-d i rec t ions .  This  is  a good 
approximation f o r  c y l i n d r i c a l  r o l l e r  bear ings  mounted i n  r i g i d  pedes t a l s .  
Likewise,  a common v a l u e  of damping f a c t o r  b / 2  is  used a t  bo th  suppor ts  
i n  both  d i r e c t i o n s .  S t a t i c  d e f l e c t i o n s  are neglec ted ;  t h i s  would apply 
t o  condi t ions  i n  space.  
Harmonic Exc i t ing  Forces 
Forced v i b r a t i o n  due t o  t h e  unbalance of e c c e n t r i c i t y  can b e  repre-  
sen ted  by a harmonic f o r c e  a c t i n g  a t  t h e  center of g r a v i t y  and a harmonic 
couple. The amplitudes of t h i s  f o r c e  and couple are independent of t i m e .  
These amplitudes are, however, func t ions  of r o t a t i o n a l  speed which is in -  
dependent of t i m e  i n  t h e  s t eady- s t a t e  s o l u t i o n s  of t h i s  a n a l y s i s .  
For convenience i n  t h i s  s tudy ,  t h e  r e s u l t a n t  f o r c e  a t  t h e  center of 
The g r a v i t y  is  reso lved  i n t o  la teral  components a c t i n g  a t  t h e  suppor ts .  
couple i s  rep laced  by t h e  equ iva len t  e f f e c t s  of t h e  moments abo,ut t h e  
center of g r a v i t y  of t h e  f o r c e  components a t  t h e  suppor ts .  
The l e f t  suppor t  i n  f i g u r e  1 i s  des igna ted  as support  1 f o r  i d e n t i -  
f i c a t i o n  and t h e  r i g h t  suppor t  is support  2, 
p o r t  2 i s  assumed t o  be  p ropor t iona l  t o  t h e  v a l u e  a t  support  1. I n  t h e  
examples given i n  t h e  r e p o r t  the p r o p o r t i o n a l i t y  f a c t o r  r has been 
assigned va lues  of 0 ,  1, and 2 t o  r ep resen t  p o s s i b l e  e x c i t i n g  f o r c e  con- 
d i t i o n s  due t o  unbalance.  
The f o r c e  ampli tude a t  sup- 
Viscous damping a t  t h e  suppor ts  i s  assumed i n  which t h e  r e t a r d i n g  
f o r c e  is  taken t o  b e  p ropor t iona l  t o  t h e  rate of displacement a t  t h e  
s h a f t  suppor ts .  
Rotor Shape 
Rotor conf igu ra t ions  t h a t  vary  from shapes as t h i n  as p e n c i l s  t o  
the  o t h e r  extreme represented  by d i s k s  are considered i n  t h i s  a n a l y s i s .  
Shape is expressed i n  terms of t h e  r o t o r  p o l a r  moment of i n e r t i a  
i ts  d i a m e t r a l  moment of i n e r t i a  
f o r  g e n e r a l i t y ;  t h e r e f o r e ,  t h e s e  two moments of i n e r t i a  are expressed- as 
r2 = I D / M R  
Ip and The a n a l y s i s  is  made nondimensional ID. 
(1) 
2 
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and 
= I /I ‘3 p D 
Both parameters have s m a l l  va lues  f o r  s l e n d e r  shapes.  For example, 
‘3 = 0.0149 
f o r  a t h i n  d i s k  is  2.  
zero f o r  a concentrated mass and i s  i n f i n i t e  f o r  a d i s k  having a l l  i ts  
mass d i s t r i b u t e d  over a l a r g e  r a d i u s .  
f o r  a rod whose l eng th  is  10 t i m e s  i t s  diameter .  Its v a l u e  
The parameter ‘2, c a l l e d  t h e  d i s k  e f f e c t ,  is  
Center-of-Gravity Locat ion 
Although t h e  c e n t e r  of g r a v i t y  is  assumed t o  remain on t h e  s h a f t  
c e n t e r l i n e ,  i t s  a x i a l  l o c a t i o n  is va r i ed .  I n  t h e  examples, f o u r  t y p i c a l  
va lues  are s p e c i f i e d  f o r  t h i s  l o c a t i o n ,  from midplane t o  outboard q u a r t e r  
p o i n t ,  t h e  l as t  of which r e p r e s e n t s  an overhung conf igura t ion .  
ANALYSIS 
Exc i t ing  Forces 
The d i s t u r b i n g  f o r c e  components Fyl and Fzl i n  t h e  model of 
f i g u r e  1 are assumed t o  b e  harmonic and represented  by 
F = F(w)cos u t  (3) 
Y 1  
and 
F = F(w)sin w t  (4) z1 
a c t i n g  a t  suppor t  number 1. 
are assumed t o  b e  t h e  m u l t i p l e s  
The corresponding components a t  suppor t  2 
= r F  FY2 Y Y 1  
and 
F = r F  
22 
(5) 
The f o r c e  amplitude 
cussed earlier. 
f o r c e  due t o  e c c e n t r i c i t y  e. On t h e  o t h e r  hand F(w) = a cons tan t  rep- 
r e s e n t s  t h e  magnetic fo rces  i n  a t u r b o a l t e r n a t o r  as shown i n  r e f e r e n c e  7. 
F(w) is  assumed t o  b e  independent of t i m e  as d i s -  
I n  p a r t i c u l a r ,  F(w) = mu 2 e r ep resen t s  an unbalance 
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Moments About Center of Gravi ty  
The r e s u l t i n g  moment about t h e  y-axis through t h e  c e n t e r  of g r a v i t y  
is 
The moment about t h e  z-axis is 
When equat ions (3) t o  ( 6 )  are used,  t h e  two moment equat ions  become 
@y = F(R2rz - R1)sin u t  (9) 
Equations of Motion 
The fol lowing equat ions of motion are a mathematical  approximation 
of t h e  rotor-support  model of t h i s  s tudy .  
b k R MI?: R1MZ2 
R R 2 I + -  + 2 ( i ,  + i,) + 2 (zl + z 2 )  = F ( u ) ( l  + r z ) s i n  u t  
l- T 
b b k 
a 2 2 2  2 11  2 
I 
D ( I ? : , - I ? : $ - - R i  + - a i  - -  
- ( i 2 - i l ) + ~ ( y , - j t , ) + - a 9  I P  ID b - - a $  b f -  k 
R 2 2 2  2 11  2 
Laplace Transforms 
k 
R 2 2  z + 2 RIZl 
- R1)sin u t  
- R1)COS W t  
It is  convenient t o  t a k e  t h e  Laplace t ransforms of t h e  equat ions  of 
motion. The fol lowing development assumes t h a t  t h e  suppor t  d i sp lace-  
ments and d e r i v a t i v e s  a t  t i m e  zero are zero.  
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With t h e  fo l lowing  
and zero i n i t i a l  condi t  
type of n o t a t i o n  f o r  a Laplace t ransform 
(15) 
ons, t h e  equat ions of motion can b e  expressed as 
s ( r  + l)F(w) 
(3-6) 
s2 + w2 
-Y@ s) + Y2(> 4 + zl(> s2 + - bR1 2 s + -  kR1) 2 - z2(? s2 + - bR2 2 s +I'a2) 2 
-y (le s2 + - bR1 + 9) + Y 2 R S  (13 2 G- b% s+2 kR2) - z 1K. (5 .) + z 2 p  s) 1 R  2 2 2 
-s(R2r - R1)F(w) 
(19) - 
s2 + w2 
The c o e f f i c i e n t s  of t h e  Laplace v a r i a b l e s  are cons tan ts  AI, A 2 ,  B 1 ,  B2, 
and C as def ined  i n  t h e  symbols l i s t .  Use of t h e s e  cons'fants i n  equa- 
t i o n s  (16) t o  (19) y i e l d s  
A2Y1 + A1Y2 = 
2 s2 + w 
4 R 2 r z  - R1)F(w) 
s2 + w2 
-CY + CY2 + BIZl - B2Z2 - 1 
-s(R2r - R1)F(w) 
- czl + cz2 = (23) - B Y  + B Y  
s2 + w2 1 1  2 2  
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Def lec t ion  Solu t ions  
The o b j e c t  of t h i s  a n a l y s i s  is  to-  s o l v e  equat ions  (20) t o  (23) f o r  
t he  d e f l e c t i o n s  r ep resen ted  by Y 1  and Y2 at each suppor t ,  Due t o  
symmetry, t h e  d e f l e c t i o n s  Z 1  and Z2 d i f f e r  from Y 1  and Y2 only  
by 90’ i n  phase angles ;  t h e r e f o r e ,  no s o l u t i o n s  w i l l  be  developed f o r  
and Z2. The s o l u t i o n s  f o r  Y 1  and Y2 are given by 
Z 1  
F(w) N1 
y 1  = (s2 + 02)i- 
and 
F(o) N2 
y2 = (s2 + .2) D 
where 
E 
A1 I “y + Os 
-C I -B1 B2 
0 
A2 
B1 
-C 
0 
B1 
-C 
0 
A1 
-B2 
C 
0 
A1 
-B2 
C 
0 
2 -B 
C 
Expressions f o r  N1, N 2 ,  and D ob ta ined  from expanding t h e  de te r -  
minants i n  equat ions  (26) t o  (28) are given i n  appendix B. 
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A l l  v a r i a b l e s  are made dimensionless i n  t h i s  a n a l y s i s  and are sum- 
marized h e r e  f o r  re ference .  
I D  7r = -  
MR2 
b 7r = -  
lo fi 
L1 = - R 
%2 
L2 - R - -  
(32) 
(33) 
Def l ec t ion  Amplitude and Phase Angle 
This r e p o r t  s t u d i e s  t h e  frequency response t o  a s i n u s o i d a l  i npu t .  
Mathematically,  t h i s  is  achieved by s e t t i n g  s = i . I n  dimensionless  
form, t h i s  is 
4 3T = f7-t 1 
Then 
Y a + i c  
F ( w ) = b + i h  
k 
from which t h e  magnitude is 
(34) 
(35) 
and the  phase angle  between t h e  d e f l e c t i o n  and e x c i t i n g  f o r c e  i s  
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Deta i led  express ions  f o r  a,  c y  g ,  and h are presented i n  appendix B. 
Normalized Def l ec t ion  
The r a t i o  i n  equat ion  (36)  i s  normalized by d iv id ing  by i t s  va lue  
a t  ze ro  r o t a t i o n a l  speed (when ‘rr4 = 0); which r ep resen t s  t h e  d e f l e c t i o n  
a t  zero e x c i t i n g  frequency o r  l a r g e  s t i f f n e s s ;  t h e r e f o r e ,  equat ion  (36)  
i s  expressed by t h e  ampl i f i ca t ion  f a c t o r  
- .a + h - 1 - I =  
The normalizing f a c t o r s  are der ived  i n  appendix B. 
t i o n s  (B16) and (B17), equat ion  ( 3 6 )  becomes 
Then, by equa- 
L I 
f o r  suppor t  1. The corresponding express ion  f o r  suppor t  2 i s  
- 
1-12 - 
CATALOG OF RXSULTS 
Parameter Se lec t ions  
An abundance of parameter combinations i s  p o s s i b l e  f o r  making cal- 
c u l a t i o n s  i n  t h i s  ana lys i s .  
t o  d i s p l a y  t h e  e f f e c t s  of parameter v a r i a t i o n s .  
provide meaningful r e s u l t s  wi th  minimum d a t a  product ion.  
Seven p a r t i c u l a r  combinations w e r e  chosen 
The i n t e n t i o n  was t o  
10 
The seven parameter combinations s e l e c t e d  are t abu la t ed  i n  t a b l e  I. 
Data P l o t s  
For each of t h e  seven cases of t a b l e  I ,  c a l c u l a t i o n s  were made f o r  
t h e  ampl i f i ca t ion  f a c t o r  1.1 (eqs.  (39) and ( 4 0 ) )  and phase ang le  0 
(eq. ( 3 7 ) )  f o r  both suppor ts .  Data p l o t s  were made i n  which 1.1 and 0 
are each p l o t t e d  a g a i n s t  r o t o r  r o t a t i o n a l  parameter Each po in t  on 
the  d a t a  p l o t s  r e p r e s e n t s  a s t eady- s t a t e  p o i n t .  
n4.  
A nega t ive  angle  r ep resen t s  a phase l a g  between t h e  d r i v i n g  f o r c e  
and t h e  suppor t  displacement.  
Case 1. - The case 1 d a t a  p l o t s  i n  f i g u r e  2 are t y p i c a l  of t h e  fre- 
quency response of c lass ic  second-order systems presented  i n  textbooks.  
P e r f e c t  symmetry is  assumed f o r  case 1. That i s ,  t h e  cen te r  of g r a v i t y  
is a t  t h e  midplane (L1 = L2 = 0.5) and both  suppor ts  are sub jec t ed  t o  
fo rces  of t he  s a m e  amplitude (r Y e f f e c t  of damping parameter T~~ 
on phase angle.  
= rz = I = 1). Figure  2(a)  shows t h e  
on ampl i f i ca t ion  f a c t o r  and f i g u r e  2 (b ) ,  
The ampl i f i ca t ion  f a c t o r  in f i g u r e  2(a)  is  very  s e n s i t i v e  t o  t h e  
amount of damping i n  t h e  reg ion  about 
condi t ion  f o r  which t h e  r o t a t i o n a l  frequency equals  t h e  n a t u r a l  f r e -  
quency. 
system a t  
Fa r the r  removed from the condi t ion  of 
ampl i f i ca t ion  f a c t o r  i s  minor. 
r4 = 1. Thi s ,  of course ,  is t h e  
Because t h e  ampl i f i ca t ion  f a c t o r  becomes i n f i n i t e  i n  an undamped 
~4 = 1, it i s  a l s o  r e f e r r e d  t o  as t h e  major c r i t i ca l  speed. 
n4 = 1, t h e  e f f e c t  of damping on 
Figure  2(a)  a l s o  shows t h e  t y p i c a l  e f f e c t  t h a t  t h e  resonance peaks 
occur a t  gradual ly  lower r o t a t i o n a l  speeds as damping is  increased .  No 
peak a t  a l l  is reached f o r  va lues  of 
about 1 .2 .  
nl0 g r e a t e r  than a value of 
Forced v i b r a t i o n s  wi th  v iscous  damping are harmonic and have t h e  
same frequency as t h e  d r i v i n g  f o r c e .  The la teral  suppor t  d e f l e c t i o n s ,  
however, are ou t  of phase wi th  t h e  d r i v i n g  fo rce .  The phase l a g  i s  pre- 
sen ted  i n  f i g u r e  2(b) as a func t ion  of damping and r o t a t i o n a l  speed 
parameter.  A t  t h e  major c r i t i c a l  speed,  a l l  systems show a phase l a g  of 
90' i r r e s p e c t i v e  of t h e  amount of damping. Below t h i s  va lue ,  h ighly  
damped systems have t h e  g r e a t e s t  phase l a g s .  
is t r u e .  A t  r o t a t i o n a l  speeds n e a r  t h e  major c r i t i c a l ,  t h e  phase ang le  
is  extremely s e n s i t i v e  t o  r o t a t i o n a l  speed f o r  l i g h t l y  damped r o t o r s .  
Above n4 = 1, t h e  oppos i te  
F igure  2 shows t h a t  1-1 approaches 1 and 8 approaches zero  f o r  a l l  
va lues  of damping as t h e  r o t a t i o n a l  speed approaches zero.  Thus, a t  low 
r o t a t i o n a l  speeds t h e  d e f l e c t i o n  i s  t h e  same as though t h e  f o r c e  were 
app l i ed  s t a t i c a l l y .  Also,  at h igh  r o t a t i o n a l  speeds t h e  phase l a g  f o r  
a l l  va lues  of damping parameter approaches 180'. 
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Case 2 .  - The p l o t s  i n  f i g u r e  3 show t h e  e f f e c t  of damping f o r  t h e  
extreme cond i t ion  i n  which suppor t  2 experiences no e x c i t i n g  f o r c e  
( r  = 0) .  The o r d i n a t e  i n  f i g u r e  3(a)  i s  g iven  as a def lec t ion-speed  
parameter . A normalizing f a c t o r  at zero r o t a t i o n a l  
speed is not  used f o r  suppor t  1 f o r  case 2 because it is zero f o r  r = 0 
and L 1  = L2 = 0.5 (see eq. (B16)). A l l  o t h e r  d e f l e c t i o n  parameter p l o t s  
i n  t h i s  r e p o r t  are normalized except  f o r  f i g u r e  3 ( a ) .  F igure  3(b)  shows 
t h e  ampl i f i ca t ion  f a c t o r  f o r  suppor t  2. Solu t ions  f o r  equat ions  (20) t o  
(23) f o r  Z 1  and Z 2  were obta ined ,  a l though no t  presented  i n  t h i s  re- 
po r t .  
zero speed when r is  zero.  
They reveal zero d e f l e c t i o n  i n  t h e  z -d i r ec t ion  a t  suppor t  1 a t  
Equations (B18) and (B19) relate r and t h e  center-of-gravi ty  lo-  
c a t i o n  f o r  zero r o t a t i o n a l  speed and zero d e f l e c t i o n  a t  each suppor t .  
When t h e  cen te r  of g r a v i t y  is  a t  t h e  midplane ( L 1  = L2), equat ion  (B18) 
shows t h a t  r = 0 f o r  ze ro  d e f l e c t i o n  a t  suppor t  1. But,  according t o  
equat ion  (B19) t h e r e  i s  no c e n t e r  of g r a v i t y  l o c a t i o n  f o r  which r = 0 
when t h e  d e f l e c t i o n  at  suppor t  2 i s  zero a t  zero r o t a t i o n a l  speed. 
F igure  3(b) shows t h a t  t h e r e  is  no d e f l e c t i o n  ampl i f i ca t ion  f o r  sup- 
p o r t  2 when t h e  damping parameter 1~10  is  above about 0 .6 .  By compari- 
son,  t h e  c r i t i c a l  damping parameter is  2.0 f o r  f r e e  v i b r a t i o n s  wi th  mid- 
p lane  c e n t e r  of g r a v i t y .  
f o r  which maximum ampl i f i ca t ion  f a c t o r  is  1. 
Cr i t ica l  damping may be def ined  as t h e  va lue  
I n  t h e  phase angle  p l o t s  of f i g u r e s  3(c) and (d) a l l  curves  do n o t  
pass  through 90° a t  n4 = 1 as occurs  f o r  case 1. This r e s u l t s  from 
t h e  l a c k  of symmetry of t h e  e x c i t i n g  fo rce .  
Case 3. - I n  case 3,  suppor t  2 is  sub jec t ed  t o  twice the f o r c e  of 
nl0 
suppor t  1 (r = 2 ) .  Figure  4 p re sen t s  t h e  curves f o r  t h i s  case. Fig- 
u r e  4(a)  shows a c r i t i c a l  va lue  of a t  a l i t t l e  g r e a t e r  than  0.8 
f o r  suppor t  1. The corresponding va lue  f o r  suppor t  2 i s  2.2 ( f i g .  4 ( b ) ) .  
I n  t h e  phase-angle p l o t s  of f i g u r e s  4(c)  and ( d ) ,  t h e  n4 = 1 
cross ings  are more c l o s e l y  bunched than  f o r  case 2 .  Otherwise,  t h e  
curves i n  f i g u r e s  4(c)  and (d) are similar t o  those  i n  f i g u r e s  3(c) 
and (d) . 
Case 4. - Figure  5 p r e s e n t s  p l o t s  t h a t  show t h e  e f f e c t  of center- 
When t h e  r o t o r  cen te r  of g r a v i t y  is  loca ted  away of -gravi ty  l o c a t i o n .  
from t h e  midplane,  an a d d i t i o n a l  se t  of resonances appears .  This  set  of 
resonances i s  a l s o  inf luenced  by t h e  suppor t  s t i f f n e s s  and damping char- 
acterist ics,  which are assumed t o  be  symmetrical  i n  t h i s  a n a l y s i s ,  
r e s u l t  is  t h a t  w i t h  a d i s t r i b u t i o n  of equal  p r o b a b i l i t y  of t h e  axial lo-  
c a t i o n  of t h e  p l a n e s - o f  unbalance,  t h e  p r o b a b i l i t y  of e x c i t i n g  a low- 
frequency resonance inc reases  i f  t h e  c e n t e r  of g r a v i t y  is  n o t  l oca t ed  
a t  t h e  midplane. 
The 
The r o t o r  r i g i d  body c y l i n d r i c a l  and c o n i c a l  modes 
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are coupled toge the r  when t h e  cen te r  of g r a v i t y  does no t  l i e  on t h e  mid- 
plane.  
Figures  5 (a )  and (b) show a resonance peak occurr ing  a t  a r o t a t i o n a l  
speed below t h e  major c r i t i ca l  f o r  each curve except  t h e  
The low frequency resonances are much smaller i n  both a m p l i f i c a t i o n  and 
magnitude than  those  a t  t h e  major c r i t i ca l  speed. 
given amount of damping i s  more e f f e c t i v e  i n  displacement a t t e n u a t i o n  a t  
the  low-speed resonance. 
L 1  = 0.5 curve.  
This  means that  a 
Figures  5(a)” and (b) show t h a t  as t h e  c e n t e r  of g r a v i t y  is loca ted  
progress ive ly  f a r t h e r  from t h e  midplane, t h e  resonance peaks occur  a t  
lower r o t a t i o n a l  speeds.  This  observa t ion  is  t r u e  f o r  both t h e  low- and 
high-frequency sets. 
A conclusion from f i g u r e s  5(a)  and (b)  i s  t h a t  even though addi- 
t i o n a l  resonances may occur when t h e  c e n t e r  of g r a v i t y  l o c a t i o n  is  
v a r i e d ,  t h e  more severe d e f l e c t i o n  ampl i f i ca t ion  occurs a t  t h e  major 
“c r i t i ca l  speed. 
Comparison of f i g u r e s  5(a)  and (b) reveals t h a t  a t  suppor t  1, m a x i -  
mum d e f l e c t i o n  ampl i f i ca t ion  occurs  when t h e  center of g r a v i t y  lies a t  
the q u a r t e r  po in t  (L1 = 0.75).  
when t h e  c e n t e r  of g r a v i t y  is a t  t h e  midplane. Furthermore,  g r e a t e r  
ampl i f i ca t ions  occur  a t  suppor t  1 than  a t  suppor t  2 .  
A t  support  2 t h e  worst  cond i t ion  occurs  
Case 5. - I n  case 5 t h e  c e n t e r  of g r a v i t y  is  loca ted  a t  t h e  suppor t  
subjec ted  t o  t h e  l a r g e r  d r iv ing  f o r c e  (support  2) .  The damping param- 
eter varies f o r  t h i s  case which is presented i n  f i g u r e  6.  The curves 
f o r  ?r1o = 0.1 are repea ted  from f i g u r e  5. The two sets of resonance 
peaks are w e l l  def ined .  A t  both suppor t s ,  t h e  h i g h e s t  resonance peak 
of t h e  low-frequency set  occurs  wi th  a damping parameter of 0.5. Fig- 
u re  6 (a )  shows no low-frequency resonance peak a t  zero damping. 
t h e r e  is  an an t i resonance  o r  minimum ampl i f i ca t ion .  A t  suppor t  2 wi th  
zero damping t h e r e  is  no resonance o r  an t i resonance  among t h e  low- 
frequency set .  
are h ighe r  f o r  r10 f i  than  t h e  h igh  frequency peaks i n  f i g u r e  6 ( a ) .  
In s t ead ,  
On t h e  o the r  hand, t h e  low frequency peaks i n  f i g u r e  6(b)  
The c r i t i c a l  v a l u e  of ?r f o r  suppor t  1 is about t h r e e  f o r  t h e  
low-frequency set as shown in’gigure 6 (a )  and 1 .8  f o r  t h e  high-frequency 
set. A t  support  2 ,  f i g u r e  6 ( b ) ,  t h e  corresponding va lues  f o r  rl0 are 
2.8 and 0.6. 
Comparison of f i g u r e s  6 (a )  and (b) sugges ts  t h a t  d e f l e c t i o n  ampli- 
f i c a t i o n  i s  more severe a t  suppor t  1 than a t  suppor t  2 when t h e  c e n t e r  of 
g rav i ty  and t h e  l a r g e r  f o r c e  are at  suppor t  2 .  
Case 6. - The r e s u l t s  f o r  case 6 appear i n  f i g u r e  7. This  case pre- 
sents  t h e  effect  of t h e  polar-to-diametral  moment-of-inertia r a t i o  
on d e f l e c t i o n  ampl i f i ca t ion .  A t  bo th  suppor ts  t h e  h igh  frequency peaks 
a l l  occur  a t  
r 3  
In f i g u r e s  7(a)  and ( b ) ,  no low-frequency peaks ~4 = 1. 
1 3  
occur  f o r  va lues  of ~r3 g r e a t e r  than 1. Therefore ,  d i s k s  (7r3 = 2) ex- 
per ience  l a r g e  d e f l e c t i o n  ampl i f i ca t ion  a t  only t h e  major c r i t i ca l  speed 
whereas s l ende r  shapes have two resonant  speeds.  
is  f i c t i t i o u s  and merely sets a lower boundary t o  t h e  c a l c u l a t i o n s .  The 
curves r ep resen t ing  depa r t  from t h e  usua l  p a t t e r n  a t  h igh  rota-  
t i o n a l  speeds.  
The va lue  of 7r3 = 0 
7r3 = 1 
The phase angle  p l o t s  i n  f i g u r e s  7(c)  and (d) show a l l  curves pass- 
i n g  through 90' a t  
damping parameter (n1o = 0.1) .  
90' po in t  a t  h ighe r  va lues  of damping parameter as f i g u r e s  4(c)  and (d) 
imply. 
'rr4 = 1. This  r e s u l t s  because of t h e  low v a l u e  of t h e  
The curves would n o t  a l l  pass through t h e  
Comparison of f i g u r e s  7 (a )  and (c) shows t h a t  t h e  phase-lag peaks 
of f i g u r e  7(c)  occur  a t  r o t a t i o n a l  speeds between t h e  low-frequency reso-  
nances and t h e  an t i resonances  of f i g u r e  7 ( a ) .  This  is a l s o  true f o r  sup- 
p o r t  2 ( f i g s .  7(b) and (d) )  . 
Case 7 .  - Figure  8 p re sen t s  t h e  v a r i a t i o n  of t h e  d i s k  e f f e c t  over  a 
range from zero t o  10. No a d d i t i o n a l  resonances occur a t  e i t h e r  suppor t .  
It should b e  r e a l i z e d  t h a t  t h e  va lue  of Fig- 
u r e  7 has  shown t h a t  no low-frequency resonances occur when 
o r  g r e a t e r ;  t h e r e f o r e ,  curves  drawn f o r  case 7 wi th  
and lower may be  expected t o  show low-frequency resonance peaks.  
t h e  r e s u l t  of f i g u r e  8 i s  t h a t  vary ing  t h e  d i s k  e f f e c t  
s u l t  i n  an a d d i t i o n a l  resonance peak. The 7r2 = 0 curve has  no phys ica l  
s i g n i f i c a n c e  . 
~r~ used i n  f i g u r e  9 is 2 ,  
7r3 is one 
 IT^ values of 0.5 
But, 
7r2 does n o t  re- 
A l l  t h e  phase-angle curves  f o r  bo th  bear ings  pass  through 90° a t  
the  major c r i t i ca l  speed i n  f i g u r e s  8(c) and (d) .  
INTERPRETATION OF RESULTS 
Cross p l o t s  were made of some of t h e  ampl i f i ca t ion  curves t o  add i n  
i n t e r p r e t i n g  e f f e c t s  of t h e  parameters va r i ed .  A l l  ampl i f i ca t ion  f a c t o r s  
d i scussed  i n  t h i s  s e c t i o n  are peak ampl i f i ca t ion  f a c t o r s .  They w e r e  read  
at: t h e  appropr i a t e  peak. 
Damping 
Figure  9 p re sen t s  peak ampl i f i ca t ion  f a c t o r  as a f u n c t i o n  of damping 
parameter.  Curves are shown f o r  both suppor t s .  Cases 1, 2 ,  and 3 are 
represented  i n  f i g u r e  9(a)  and case 5 r e s u l t s  are i n  f i g u r e  9 ( b ) .  
Center of gravity a t  midplane. - The c e n t e r  of g r a v i t y  i n  f i g -  
u r e  9(a)  is loca ted  a t  t h e  midplane. 
apparent t h a t  a l l  curves have t h e  same s lope  on t h e  logar i thmic  p l o t .  
They can a l l  be  represented  by an  express ion  of t h e  form 
I n  t h i s  f i g u r e  i t  is  i m e d i a t e l y  
1 4  
pa10 = cons tan t  1-1’1 
which is  l i n e a r  on a logar i thmic  p l o t .  The cond i t ion  p = 1 corresponds 
t o  c r i t i ca l  damping. 
I n  f i g u r e  9 ( a ) ,  t h e  l i n e  f o r  r = 1 coinc ides  w i t h  t h e  suppor t  1 
l i n e  f o r  r = 0 as long as p > 1. The r = 1 l i n e ,  of course ,  is 
drawn f o r  Yl/^P(Cu)/k; whereas t h e  r = 0 l i n e  r e p r e s e n t s  t h e  noh ia l i zed  
f a c t o r  1-1. 
I n  a comparison of t h e  dashed set of l i n e s  ( r  = 0) wi th  the s o l i d  
set ( r  = 2) i n  f i g u r e  9 ( a ) ,  i t  is evident  t h a t  t h e  ampl i f i ca t ion  f a c t o r  
f o r  bo th  suppor ts  i nc reases  as t h e  f o r c e  r a t i o  r i s  increased .  
When r = 0 ,  suppor t  1 experiences g r e a t e r  ampl i f i ca t ion  than  sup- 
po r t  2. The oppos i t e  is  t r u e  when r = 2.  
Center  of gravity a t  suppor t  2. - The c e n t e r  of g r a v i t y  i s  loca ted  
a t  support  2 f o r  t h e  model of f i g u r e  9(b) .  F igure  5 has  shown t h a t  an 
a d d i t i o n a l  set of resonance peaks occurs  when t h e  c e n t e r  of g r a v i t y  is 
d i sp laced  from t h e  midplane l o c a t i o n .  The low-frequency s e t  i s  dashed 
i n  f i g u r e  9(b) and t h e  high-frequency s e t  is  s o l i d .  
The high-frequency se t  shown i n  f i g u r e  9(b)  has  s lopes  e s s e n t i a l l y  
p a r a l l e l  t o  t h e  l i n e s  i n  f i g u r e  9 ( a ) .  
Support 1 is sub jec t ed  t o  g r e a t e r  ampl i f i ca t ion  than suppor t  2 ,  i n  
f i g u r e  9 ( b ) ,  f o r  bo th  resonance sets. I n  f i g u r e  9(a)  f o r  r = 2 ,  t h e  
oppos i te  w a s  observed. 
Comparison of t h e  dashed and s o l i d  curves  i n  f i g u r e  9(b)  shows t h a t  
f o r  h igh ly  damped r o t o r s ,  t h e  low-frequency ampl i f i ca t ion  exceeds t h a t  
of t h e  high-frequency set .  I n  a l l  such cases, however, t h e  ampl i f i ca t ion  
f a c t o r  i s  less than  2. 
The low-frequency se t  of curves  i n  f i g u r e  9(b)  reaches a peak a t  a 
damping f a c t o r  of about 0.4. This impl ies  t h a t  t h e  ampl i f i ca t ion  de- 
creases f o r  t h e  low-frequency set as damping f a c t o r  i s  decreased below 
0.4.  This  c i rcumstance is  of no p r a c t i c a l  advantage,  however, because 
of t h e  l a r g e  i n c r e a s e  i n  ampl i f i ca t ion  of the h igh  frequency set .  
Center-of-Gravity Locat ion 
F igure  10 p resen t s  t h e  e f f e c t  of center-of-gravi ty  l o c a t i o n  on peak 
a m p l i f i c a t i o n  f a c t o r  as determined f o r  case 4 .  Two sets of resonances 
appear i n  t h i s  f i g u r e  f o r  each support .  
It is  appropr i a t e  h e r e  t o  d i scuss  t h e  re la t ive magnitudes of t h e  
curves f o r  t h e  two bear ings  a t  a given center-of-gravi ty  loca t ion .  Over 
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most of t h e  range  shown, t h e  a m p l i f i c a t i o n  f a c t o r  f o r  suppor t  1 exceeds 
t h a t  of suppor t  2 d e s p i t e  t h e  f a c t  t h a t  support 2 experience twice the 
f o r c e  of suppor t  I. This  is  no t  a paradox as can b e  seen  by no t ing  equa- 
t i o n s  (B16) and (B17). For a l l  va lues  of L1 and L2 except  when they 
are equa l ,  t h e  magnitude given by equat ion (B17) exceeds t h a t  of equa- 
t i o n  (B16); t h e r e f o r e ,  t h e  normalizing f a c t o r  used i n  c a l c u l a t i n g  5.1 f o r  
suppor t  2 exceeds t h a t  f o r  suppor t  1. Thus, a l though t h e  a c t u a l  def lec-  
t i o n  a t  suppor t  2 is g r e a t e r  t han  t h a t  a t  suppor t  1, i ts  a m p l i f i c a t i o n  
f a c t o r  1.1 i s  less. 
The most important  information g iven  by f i g u r e  10 is  t h a t  t h e r e  are 
c e r t a i n  center-of-gravi ty  l o c a t i o n s  t h a t  should b e  avoided i n  o r d e r  t o  
prevent  l a r g e  d e f l e c t i o n  ampl i f i ca t ion .  For t h e  condi t ions  of case 4 ,  
l o c a t i o n s  given by L1 i n  t h e  v i c i n i t y  of 0.83 should b e  avoided. Fig- 
u r e  10 shows peak ampl i f i ca t ion  f a c t o r s  a t  suppor t  1 a t  t h i s  l o c a t i a n  
f o r  bo th  t h e  low- and high-frequency resonances.  Support 2 peaks occur  
a t  L1 = 0.6 f o r  bo th  resonance sets s o  t h e s e  l o c a t i o n s  should a l s o  be  
avoided. Ca lcu la t ions  were made a t  ,very small increments i n  L1  i n  
o rde r  t o  d e f i n e  t h e  l o c a t i o n  of t h e s e  peaks accura te ly .  
t h e  peaks would b e  d i f f e r e n t  f0.r o t h e r  parameter combinations,  of course.  
The l o c a t i o n  of 
The ampl i f i ca t ion  f a c t o r  f o r  suppor t  1 exceeds t h a t  f o r  suppor t  2 
over  most of t h e  center-of-gravi ty  range s tud ied .  
above about 1 . 2  f o r  L1,  t h e  suppor t  2 ampl i f i ca t ion  is g r e a t e r .  The 10- 
c a t i o n  a t  which the ampl i f i ca t ion  f a c t o r  of t h e  high-frequency resonance 
setzis t h e  same f o r  both suppor ts  is very  c l o s e  t o  t h e  peak f o r  sup- 
p o r t  2 .  
Below about  0.61 and 
Polar-to-Diametral  Moment of I n e r t i a  Rat io  
F igure  11 p r e s e n t s  t h e  e f f e c t  of polar- to-diametral  moment-of- 
i n e r t i a  r a t i o  n3 on ampl i f i ca t ion  f a c t o r  under t h e  condi t ions  of 
case  6 .  
"3 has  on ampl i f i ca t ion  f a c t o r  of t h e  high-frequency set .  
The most prominent a spec t  of f i g u r e  11 is t h e  s m a l l  e f f e c t  t h a t  
For t h e  low-frequency resonance set ,  i n  genera l ,  a m p l i f i c a t i o n  fac-  
t o r  decreases  as n3 inc reases .  Above about 0.65 f o r  m3, no low- 
frequency set  exists.  
Over most of t h e  range i n  f i g u r e  11, t h e  ampl i f i ca t ion  f a c t o r  a t  
suppor t  2 is  twice t h a t  a t  suppor t  1. 
Support Force Ra t io  
The e f f e c t  of support  f o r c e  r a t i o  r on ampl i f i ca t ion  f a c t o r  
appears i n  f i g u r e  12. Damping parameter values of 0.1, 0 .2 ,  0.5, 0.8, 
and 1 are used i n  this  f i g u r e .  Cases 1, 2 ,  and 3 were used i n  produc- 
i n g  f i g u r e  13 .  
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A t  suppor t  2 ,  represented  by dashed curves ,  the ampl i f i ca t ion  f a c t o r  
i nc reases  approximately l i n e a r l y  w i t h  r.  The support  1 curves decrease  
wi th  inc reas ing  va lues  of r .  A t  r = 1 both suppor ts  experience t h e  
same ampl i f i ca t ion  due t o  symmetry. As r approaches zero ,  the suppor t  
1 anip l i f ica t ion  approaches i n f i n i t y ,  as v e r i f i e d  by t h e  f a c t  t h a t  equa- 
t i o n  (B16) y i e l d s  zero .  The zero magnitude of equat ion (B16) occurs  only 
when L 1  = L2,  of course.  A t  r = 0 ,  t h e  ampl i f i ca t ion  f a c t o r  at sup- 
p o r t  2 remains f i n i t e  (see eq. (B17)). 
The reason t h a t  t h e  ampl i f i ca t ion  f a c t o r  f o r  suppor t  1 is g r e a t e r  
than  t h a t  f o r  suppor t  2 is  explained by t h e  re la t ive magnitudes of equa- 
t i o n s  (B16) and (B17). Although t h e  ampl i f i ca t ion  f a c t o r  f o r  suppor t  l 
is approaching i n f i n i t y  as r approaches zero i n  f i g u r e  12, t h e  def lec-  
t i o n  is a c t u a l l y  approaching zero.  F igure  3(a)  v e r i f i e s  t h i s  obser- 
va t ion .  
CONCLUSION 
This  d e f l e c t i o n  ampl i f i ca t ion  a n a l y s i s  of damped r o t o r s  shows t h a t  
i n  a d d i t i o n  t o  t h e  major c r i t i c a l  speed,  a lower-frequency resonance 
appears i f  c e r t a i n  des ign  condi t ions  e x i s t .  These condi t ions  inc lude  
symmetxical support  s t i f f n e s s  and damping c h a r a c t e r i s t i c s  and equa l  
p r o b a b i l i t y  f o r  t h e  d i s t r i b u t i o n  of t h e  axial l o c a t i o n  of t h e  p lanes  of 
unbalance along w i t h  e i t h e r  (1) cen te r  of g r a v i t y  no t  l oca t ed  a t  mid? 
plane o r  (2)  r a t i o  of polar- to-diametral  moment-of-inertia r a t i o  Less 
than 0 .7 ;  t h e r e f o r e ,  t h e  low-frequency resonance should appear f o r  
s l ende r  r o t o r s  b u t  no t  f o r  d i s k s .  
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APPENDIX A 
SYMBOLS 
A1 
A2 
al 
a2 
B1 
B2 
b /2  
C 
c1 
c2 
D 
e 
F (w) 
g 
h 
ID 
I 
i 
k 
P 
L1 
L2 z 
R 
k(LIT1 2 + "10~1/2 + 1/2) 
k(L2n1 2 + I T ~ ~ I T ~ / ~  + 1 2) 
real p a r t  of numerator i n  eq. (35) f o r  suppor t  1; see eq. (B4) 
real  p a r t  of numerator i n  eq. (35) f o r  suppor t  2; see eq. (B6) 
2 
L I T  IT 
= kR(r2n; + lo 2 + L, 2 
l i n e a r  damping c o e f f i c i e n t ,  kg/sec 
kRn IT IT IT 1 2 3 4  
imaginary p a r t  of numerator i n  eq. (35) f o r  suppor t  1, see eq. (B4) 
imaginary p a r t  of numerator i n  eq. (35) f o r  suppor t  2 ;  see eq. (B6) 
denom2nator of d e f l e c t i o n  so lu t ion ;  see  eq. ( 2 2 )  
e c c en tr i c it y c au s ing  unb a1 anc e 
amplitude of harmonic d r iv ing  f o r c e ,  n t  
real p a r t  of denominator i n  eq. (35) 
imaginary p a r t  of denominator i n  eq. (35) 
r o t o r  d i ame t ra l  moment of i n e r t i a ,  kg-m 
r o t o r  p o l a r  moment of i n e r t i a ,  kg-m 
2 
2 
E 
2 l i n e a r  s p r i n g  cons t an t ,  kg/sec 
Laplace ope ra to r  
d i s t a n c e  between bea r ings ,  m 
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M r o t o r  mass, kg 
% moment, nt-m 
N numerator of d e f l e c t i o n  s o l u t i o n ;  see eq. (22) 
r bea r ing  f o r c e  r a t i o ;  see f i g .  1 
S Laplace v a r i a b l e ,  sec -1 
t t i m e ,  see 
x ,y , z  r ec t angu la r  coord ina tes  def ined  i n  f i g .  1 
Y Y ( S >  =$Ey(t)I  
Z Z(S> =J5: [z( t> l  
0 phase angle ,  deg 
11 d e f l e c t i o n  ampl i f i ca t ion  f a c t o r  
Ir2 I D / M X 2  = d i s k  e f f e c t  
Ip/ID = r o t o r  polar- to-diametral  moment-of-inertia r a t i o  7r3 
u / f i  = ro ta t iona l -speed  parameter Ir4 
b/JkM = damping parameter “10 
w r o t o r  r o t a t i o n a l  frequency = harmonic d r i v i n g  f o r c e  frequency,  
r a d l s e c  
Subsc r ip t s  : 
P peak 
r condi t ion  f o r  r = r = r 
Y y d i r e c t i o n ;  see f i g .  1 
Y Z  
z z d i r e c t i o n ;  see f i g .  1 
1 , 2  suppor ts  1 and 2; see f i g .  1 
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Super sc r ip t s  : 
f i r s t  d e r i v a t i v e  wi th  r e s p e c t  t o  t i m e  
.. second d e r i v a t i v e  w i t h  r e spec t  t o  t i m e  
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APPENDIX B 
ANALYSIS DETAILS 
General 
Expansion of t h e  determinants  i n .  equa t ions  ( 2 4 )  t o  (26) y i e l d s  
= -(r + 1)s C (A1 + A2) + B1(AIB1 + A2B2) + ( r z  + l>wA2C(B1 - B2) 
(B2) 
N2 Y r2  1 
- A2[(R2rZ - Rl)uC(A1 + A2) - (R2ry - R1)S(AIB1 + A2B2)1 
2 2 2 D = -C (A1 + A2) - (AIB1 + A2B2) 
The va lues  of a and c f o r  Y1 i n  equat ion  (35) d i f f e r  from t h e  
y2 va lues  f o r  
For suppor t  1 ( s e e  f i g .  l), 
2 
2 2  (L: + L 3 2  +- hR2R10 
al = ( r y  - l)R; + R:[R2(R3 - 1) + 4 
2 1  
- 
m2 + L:) 
2 - +  2 
2 
2 + m2 + L m  + -  1 2  2 + (r L - L1) Y 2  
For suppor t  2 ,  
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For each suppor t ,  the denominator D has components 
4 
4 
h = 
2 
(L; + L;)(+ + .*$ + 2 *2?0 - 2n 2 2  (T - .q 
2 3  
2 2 
2 3  
R e s t r i c t i o n :  r = r = r 
Y =  
A l l  t h e  c a l c u l a t e d  r e s u l t s  presented  i n  t h i s  r e p o r t  w e r e  ob ta ined  
f o r  t h e  cond i t ion  
' .  r = r  = r  
Y =  
Therefore ,  t h e  va lues  of a and c as modified by t h i s  cond i t ion  a r e  
presented  below. 
Support 1. - 
2 
+- 4 
2 (IT;o + 1) - IT21T3 
l r  
4 + 
L2(L; + L;) 3 L 2 r q 0  L2T2 
' 8  +2- 4 + 
+ ( r L 2  - L1) { L 2  -IT L IT (IT 3 + 1 )  + IT 
2 
+- 2 (IT3 + 1)  + T2T3(L1 + +) + 4 
+ - (Tr3 + 1) + 3a1~ ~2 
2 
2 +- 4 8 
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2 2  
1 
2 
L + L2 L2 
+ - -  2 c l r  = (r + 1) -l)+ 
2 
10 + L2T2 - IT IT IT 2 3 10 
L 2 k  + 4) +- L21T10 
2 8 
2 2 *2 
4 2  2 +8 lo + IT2(IT3 + 1) ] + Tr4 (350 8 
- IT3P + L1 + L2 
Support  2. - 
2 
T T r  
+- 2 lo ( IT3  + 1) + IT21T3(L2 + $) + 4 
.E2 + L1 + L2 31T 2 1 T  +-+ -  ( IT3  + - IT4 4 4 8 2 2 2  10 2 
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2 2 .2 L1 + L 
2 +8 10 + H 2  (' 3 '~ H4($)T10 
Normalizing f a c t o r s .  - Displacement magnitudes are normalized by 
d i v i s i o n  by t h e  magnitude a t  zero  r o t a t i o n a l  speed. This cond i t ion  re- 
qu i  re s t h a t  
Therefore ,  f o r  suppor t  1 
= 2[L2(2r  -I- 1)  - L1] - N1 
IT4=O 
D 
and f o r  suppor t  2 
= 2[r (L2 - L1) - 2L1] - N2 
H4'0 D 
S e t t i n g  each of t h e  las t  two equat ions  equal  t o  zero g ives  t h e  va lue  of 
r f o r  zero d e f l e c t i o n  a t  each suppor t .  From equat ion  (B16) 
r 
From equat ion  (B17) 
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2 - . r N2=0 L2 
1 - -  
L1 
F i n a l l y ,  equat ing t h e s e  two equat ions  t o  each o t h e r  y i e l d s  
can b e  less than  1, 
Phys ica l ly ,  t h i s  se t  of condi t ions  is  impossible  because al though L2 
l L l l  2 IL2I 
Therefore ,  t h e r e  is  no' set of condi t ions  f o r  which 
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